We investigate mixed-type reverse order laws for the Moore-Penrose inverse in rings with involution. We extend some well-known results to more general settings, and also prove some new results.
An element a ∈ R is selfadjoint if a * = a.
The Moore-Penrose inverse (or MP-inverse) of a ∈ R is the element b ∈ R, such that the following equations hold [13] :
(1) aba = a, (2) bab = b, (3) (ab) * = ab, (4) (ba) * = ba.
There is at most one b such that above conditions hold (see [13] ), and such b is denoted by a † . The set of all Moore-Penrose invertible elements of R will be denoted by R † . If a is invertible, then a † coincides with the ordinary inverse of a. If δ ⊂ {1, 2, 3, 4} and b satisfies the equations (i) for all i ∈ δ, then b is an δ-inverse of a. The set of all δ-inverse of a is denote by a{δ}. Notice that a{1, 2, 3, 4} = {a † }. If a{1} ̸ = ∅, then a is regular. Now, we state the following useful result.
Theorem 1.1. [6, 11] For any a ∈ R † , the following is satisfied:
The following result is well-known for complex matrices [1] and linear bounded Hilbert space operators [18] , and it is equally true in rings with involution.
Conversely, the equality a * ab = a * implies
In this section, we consider necessary and sufficient conditions for reverse order laws ( 
which gives
Applying the involution to (1), we obtain
Multiplying the equality (2) by a (1, 3) from the right side, we get
by a * aa (1, 3) = a * (aa (1, 3) ) * = (aa (1, 3) a) * = a * . From the equality (3) and Lemma 1.1, we deduce that (a † ab) ( 
It is easy to check this equivalence.
Using Lemma 1.1(b), we can prove the following theorem in the same way as Theorem 2.1. 
In the following result, we consider some equivalent conditions for mixedtype reverse order law (ab 
which yields a * abR ⊆ a † abR. Similarly, we can prove that 3}, a (1,3) ∈ a{1, 3} and b (1, 3) ∈ b{1, 3}, we obtain
If we apply the involution to (4), we see that
Multiplying the equality (5) from the left side by b * and from the right side by a (1, 3) , it follows
Notice that this equality and
By (7) and Lemma 1.1, we observe that
In the similar way, we can show that bb
Obviously.
Reverse order laws (a
In this section, we give the equivalent conditions related to reverse order laws 
Thus, the condition (1) is satisfied.
(1) ⇒ (4): First, by the inclusion a † abR ⊆ a * abR, we conclude that a † ab = a * aby, for some y ∈ R. Further, for any (a * ab) (1, 3) ∈ (a * ab){1, 3} and a ′ ∈ (a † ) * {1, 3}, we get
When we apply the involution to (8), we observe that
Since a ′ ∈ (a † ) * {1, 3}, by the equality (6) and Theorem 1.1,
If we multiply the equality (9) from the right side by a ′ and use (10), we obtain
which implies, by Lemma 1.1, (a * ab) (1, 3) a ′ ∈ (ab){1, 3}, for any (a * ab) (1, 3) ∈ (a * ab){1, 3} and a ′ ∈ (a † ) * {1, 3}, that is, the condition (4) holds.
and this implication follows.
(2) ⇔ (3): Obviously.
In the same manner as in the proof of Theorem 3.1, we can verify the following results. 
Necessary and sufficient conditions related to the reverse order law (ab) † = b * (a * abb * ) † a * are studied in the next result. 
